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Let f(x, y) be an indefinite binary quadratic form, D(f) its discriminant, m(f) 
the inhmum of 1 f(x, y); over all integers X, 1’ not both zero, and put p(f) = 
m(f)D(f)-“2. In this paper we shall prove the existence of countably many 
disjoint open intervals Z, contained in 0 Q x Q l/3 such that there is no f  with 
p(f) in Zj (j = 1,2,...), and such that for any interval Z containing two intervals 
Zj , ZK , there is an f  with p(f) in I. 
1. INTRODUCTION 
We shall be concerned with indefinite binary quadratic forms 
f(x, y) = ax2 + b-v + cy2 
with real coefficients. The discriminant D(f) of such a form is given by 
D(f) = b2 - 4ac, 
and since the form is indefinite, D(f) > 0. The minimum m(f) off is the 
greatest lower bound of the numbers / f(x, v)/ for all pairs of integers 
x, y f 0,O. Set 
1-40 = m(f) D(f)-““. (1) 
By Hurwitz’s Theorem, 
p(f) < l/v’5 
and there are forms f with p(f) = l/d/5. By MarkotT’s Theorem 
[4, pp. 79-801, there is a decreasing sequence p1 = l/d/5, p2, p3 ,... 
with limit l/3 such that a number p with p > l/3 is of the type p = r(f) 
if and only if t.~ = pi for some i. Also, there are forms f with p(f) = l/3 
(a proof may be found in Chapter II of [l]). 
* This is part of a dissertation completed at Tulane University under the supervision 
of Professor A. C. Woods. I would like to thank Professor Wolfgang Schmidt for his 
aid in the preparation of this paper. 
364 
BINARY QUADRATIC FORMS 365 
It is more difficult to decide which numbers p in 0 < p -=c l/3 are of 
the form 1~ = p(f) for somef. According to Perron [6], there are formsf 
with p(f) = l/q/T3 or with p(f) = I/v’~, but no forms f with 
l/z/i3 < p(f) < l/z/iZ. (For a short proof see Davis [2]). M. Hall [5] 
has sketched the existence of a positive number 6, such that every p in 
o< , ,U < 6, is of the form p = p(f). See also Shibata [7]. 
In this paper we shall prove the following result. 
THEOREM. There are mrmbers A, , B, , C, , D, (n = 1,2 ,...) with 
(3249/34933)li2 = A, < B, < A, < B2 < .-. < (6 + 2 .\/T)-Ij2 
< ... < C, < D, < C, < D, = (49/48O)l/” (2) 
such that lim B, = lim C, = (6 + 2 q/5)-1/2 and that 
7a-se n+m 
(i) there are no forms f for which A, < p(f) < B, or C, < p(f) < D, 
for an,y n. 
(ii) there are polynomials u,(x, y) = x2 - rn y2 and v,(x, y) = x2 - s, y2 
with rational coeficients r, , s, such that 
Note that 
/4u,J = G . (3) 
and 
(3249/34933)112 + 0.305, (49/480)1/2 + 0.320, 
(6 + 2 1/5)-1/2 f 0.309. 
The proof will be by continued fractions. 
2. RESTATEMENT OF THE RESULT 
It will be convenient to deal with 
D(f) m(fY = ~L(fl-~ W) = lm if m(f) f 0 if m(f) = 0. (4) 
We shall construct numbers LX,, Pn, ylz, 6, with 
480149 = a1 < ,dl < a2 < p2 < .-. < 6 + 2 d/5 
< **- < y2 < a2 < yl < 6, = 3493313249 (5) 
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such that lim & = lim yn = 6 f 2 d/5 and that 
(i) no formfhas CY, < h(f) < Pn or yn < A(f) < 6, , 
(ii) the forms 11,(x, y) and u,(x, y) satisfy 
4&L) = Ph and az) = Yn . (6) 
Note that 480149 G 9.796, 3493313249 A 10.752, 6 + 2 d/5 k 10.472. 
3. A NORMAL FORM FOR~(X,~) 
LEMMA 1. For any indefinite form f with m(f) > 0 there is a form 
&, Y> = 2 + PXY - 4Y2 
such that 
(a) 0 <P d 1, (b) m(g) = 1, (c> w = N&4* 
Proof. Given any positive integer n, the usual reduction procedure 
yields a form 
.ti(x, y) = ad2 + by + c,y2 
equivalent to one of &f(x, y) such that 
I b, I d a, ; Win) = m(f) < a, < m(f) (1 + 3. (7) 
Replacing y by -y if necessary, we may assume that 0 < b, < a,. 
Now write 
g,(x, Y) = a;Y& Y) = x2 + pnw - 4,Y2. 
Then 0 < pn < 1, and there is a subsequence for which p,, is convergent. 
For this subsequence D(g,) = pna + 4q, = a;“D(f,J = a;“D(f), and 
this is convergent to D(j) m(f)-” = X(f) by (7). Therefore qn is also 
convergent; let us say (pn , qn) tends to (p, q), and put 
dx, Y) = x2 + PXY - 4Y2* 
We have 0 < p < 1 and D(g) = h(f). It is easy to see that m(g) 3 
lim m( g,,) = lim a;‘m(fJ = lim a;‘m(f) = 1, and since obviously 
m(g) < 1, we have m(g) = 1. Finally we have h(g) = D(g) m(g)-” = X(f). 
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4. DEFINITIONS AND AUXILIARY RESULTS 
DEFINITION. An interval a: < x < 1 will be called a gap if there is 
nofwith iy. < h(f) < j3. 
The statement (i) in $2 says precisely that the intervals (a, , j&J and 
bnp %J are gaps. 
For any point (6, c) put g(x, y) = x2 + bxy - cy2 and write 
D(b, c) = D(g) = b2 + 4c, m@, 4 = m(g), W, 4 = %g). (8) 
By Lemma 1, there is for every formf(x, y) a point (b, c) such that 
(a> 0 < b < 1, (b) m(b, 4 = 1, (4 A@, 4 = W). (9) 
The following lemma is now immediate. 
LEMMA 2. The open interval (ar, /3) is a gap precisely ij” every point (b, c) 
with 0 < b < 1 and iy < D(b, c) < @ has 
m(b, c) < 1. 
DEFINITION. Suppose 0 < k < 1. We call the interval (01, /3) a k-semigap 
if every point (b, c) with k < b < 1 and QI < D(b, c) < /l has 
m(b, c) < 1. 
Now let (x, y) be an integer point with y f 0. We then write S(x, y) for 
the strip of points (b, c) satisfying 
-1 < x2 + bxy - cy2 < 1. (10) 
It is clear that any point (b, c) in S(x, y) has m(b, c) < 1. In fact the 
following lemma is obvious. 
LEMMA 3. The interval (OL, /3) is a gap (or k-semigap) if and only if the 
2-dimensional region defined by (Y < D(b, c) < /‘I and 0 < b < 1 (or 
k < b < 1) can be covered byjnitely or infinitely many strips S(x, y). 
The next lemma will help us with our computations later. 
LEMMA 4. Let m, n be integers, n > 0, and let LY, fl; b, , b2 ; b, c be reals 
with 
0 G b, ,( b 9 b, , (11) 
a < D(b, c) = b2 + 4c < 8. (12) 
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Then 
(i) 6, < 2mln implies that 
mb, + 5 (II - 6,“) < mb + nc < mb, f 9 (p - b,“), 
and 
(ii) m < 0 implies that 
mb, + 2 (a - bz2) < mb + nc < mb, + 9 (/3 - b12). 
The same conclusions hold if (11) is replaced by the open interval 
0 < b, < b < b2 and (12) by the closed interval 01 < D(b, c) < /3. 
Proof. Put f(x) = mx + i (/I - x2). We have 
mb+nc<mb+t@-b2)=f(b) 
by (12). The quadratic polynomial f(x) has its maximum at x = 2m/n. 
Hence 
(i) b < b, < 2m/n implies that.f(b) < f(b,) 
and 
(ii) 2m/n < 0 < 6, < b implies thatf(b) <f(b,). 
This proves the upper bounds when (1 I), (12) are satisfied. The other 
cases of the lemma are proved similarly. 
5. THE GAPS (ol,,/ll) AND (yl, 6,). 
LEMMA 5. The intervals 
are gaps. The interval (01~ , yJ is a l/19-semigap. 
Proof. At first we shall discuss the gap (480/49, 10). 
If 0 < b < 2/7, we may apply part (ii) of Lemma 4 with m = -3, 
n = 2; 01 = 480149, p = 10; b, = 0, b, = 217; b, c, and we obtain 
-;+;(!gL$) < -3b + 2c < ; 10, 
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whence 4 < -3b + 2c < 5, whence -1 <9+6b-4c<l, and it 
follows that (b, c) lies in S(3,2). 
If 217 < b < 1, we may apply part (i) of Lemma 4 with m = 2, 
n = 1; (II = 480149, /3 = 10; b, = 217, bz = 1; b, c, and we get 
;+gg!-2!-, < 2b + c < 2 + ;(lO - 1) 
whence 3 < 2b + c < 1714 and -1 -=c -l/4 < 4 - 2b - c < 1, and 
(b, c) lies in S(2, - 1). 
Hence by virtue of Lemma 3, (480/49, 10) is a gap. Our proof can be 
summarized by the following table. 
(480/49, 10) 
II 
[‘A VI : S(3,2) [2/7, 11 : S(2, -1) 
The next table shows how one can prove that (32/10, 3493313249) is a 
gap: 
(% t9 /I W , &I 
(32/3,34933/3249) 
II 
[0, 7/57] : S(--5, 3) [7/57,2/7] : S(3, 2) [2/7, l] : S(2, -1) 
For example, if 3213 < D(b, c) < 3493313249 and if 0 < b < 7157, then 
Lemma 4 can be used to show that (b, c) lies in the strip S(-5,3). The 
details are cumbersome, but straightforward. 
It remains to be shown that (480/49, 34933/3249) is a l/19-semigap. 
We decompose this interval into two subintervals and we use the following 
table. 
6% PI II W , &I 
(480/49,3725/361] 
II 
(l/19,7/57) : S(3,2) 
II 
!  
[7/57, 2/7] : S(3, 2) [2/7, l] : S(2, -1) 
[3725/361, 34933/3249) (l/19, 7/57) : S(5, 3) 
Note that we use open ( ), closed [ ] as well as half open ( 1, [ ) intervals 
here. 
64h/3-9 
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6. INDUCTIVE CONSTRUCTION OF THE GAPS 
Let the simple continued fraction x = (1 + d/5)/2 = [I, l,...] have 
convergents pl/ql , p2/q2 , . . . . 
Let n be fixed and put p/q = p2n+l/q2stl . Let 
% = ($qZ + 4 (g-g, 
p n = 4(p + 4) 
4 ’ 
y = 4(2~ + 4) n 
P ’ 
hz = (gqJ2 p2 + 5pq + +4( 2p2+1 
3q2 
1 ’
Pn = (2p2 : 1)s 
3P2 + 3pq + q2 
+ 4 ! 2pq + 2q2 - 1 1 ’ 
k, = 
I 
P2fPq+q2’ 
(13) 
(14) 
(15) 
(16) 
(17) 
(18) 
The numbers aI, & , yl, S1, are the same as those of Lemma 5. 
We shall show that 
/%,-I < 01, < jgn -=c 6 + 2 1/T < yn < 6, < Yn-l (n = 2, 3,...), (19) 
$+% /$a = $2 y,, = 6 + 2 v’s, (20) 
and that 
rBn < Pn -c Yn (n = 1, 2,...). (21) 
Then we shall show by induction that for n = 1,2,... 
@, , r,J is a ken&v, (22) 
(a, , Is,) is a gap, (23) 
and 
tm, &J is a gap. (24) 
Notice that for n = 1, (21) is easy to verify and (22), (23), (24) follow 
from Lemma 5. 
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The following diagram may be useful for an understanding of the proof. 
0 I I I I I [ b Axis 
Before proceeding we note that the formulas 
Pm t P?n+1 = Pm+2 3 9m + 9m+1= 9m+2 (m = 1, 2,...), (25) 
PVL 2 - Pd3m - qm2 + (- l)m+l = 0 (m = 1, 2,...), (26) 
p2 - pq - q2 + 1 = 0, (27) 
and 
Pm-1 = gwz (m = 2, 3,...) (28) 
hold in addition to the usual formulas for simple continued fractions. 
Therefore after some computation one obtains for n > 1, 
Yn-1 
4P 
= -, 
P-9 
39 -P 
6n-1 = ( (p - q)(p2 - 3pq + 392) ) 2+ 
4(2q2 + 1) (29) 
P2 - 3P9 -I $i2 ’ 
k,, = 
1 
P2 - 3P9 + 312 * 
For example, 
(P” - 3P9 + 3q2) = (Pi,+1 - 3P2n+192n+l + %z+l) 
= (&,2 - 392,+2q2,+1+ 39; -J 
= (92n+1 + 42J2 - 392n92n+l = 922,+1 - 9211+192n + &I 
= kn + 92n-l) 92+1 + cr,", 
= Pin-1 + P2n--192+l + &n--1 = e, * 
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7. PROOF OF (19, (20) AND (21) 
We shall first show (19), i.e. the inequalities 
Pn-1 < a, < Pn < 6 + 2 d5 < yn < S, < y,pvl . 
(a) pnF1 < 01,. We have 
3 4 
2p2 - I 
%a - A-1 ( - 9 1 qy-q 2q-P 
4 4p2q - - 2P3 + p - 2q3 2q + q = 
w - l@q - P) . 
The numerator here is 
(P - 4)(1 - 2P2 + 2Pq + 2q2) = 3(P - 4) 
by (27). Since 2q > p > q, we have 01, - /3la-1 > 0. 
(b) cx, < /3,, . We have 
p.-Cxn=4(+- E) - ($Fy 
4 4(P 
+ 
qwq2 1) 
2 - - 
4q(2p2 
- 
> 1) _ 2q3 - 4 (2f4f- q)2 
8q - 4~ 
= 2q3 - q - (2q34!! qy 
by (27). Since (2q3 - q)(2q - p) - pz > 2q3 - q - p2 > 0, the inequality 
OL, > pn follows. 
(4 Pn < 6 + 2 ~‘5 < yn - The number p/q is an odd convergent to 
x = (1 + 2/5P, h w  ence p/q < x. We therefore obtain 
Pn = 4Cp + q)/q < 4(x + 1) = 6 + 2 ~‘3 
= 4(2 + x-9 < 4(2p + d/p = yn . 
Incidentally, since pnlqn tends to x, we get (20). 
(d) yn < 6,. We have 
h 2 4 ( P2 f 5pq + 3q2 2P + 4 P-q - 
Yn -~ 2P2 + 1 P 
1 
= p(2p2+ 1) 
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(d 6, < Y~-~ . Using (27) again we obtain 
y&l - 6, = 4 
( 
-L- - pa -I- 5pq -I- 3q2 
P-q 2p2+1 )-($gy 
Hence 
1% (P + 2d2 
= 2pq2 - p - q - (2p3 + p)” * 
12q 9p2 6 
yn-1 - 6, > - - - 
2pq2 4P6 
>p4--$>o. 
We now turn to (21), i.e. to the inequalities /I,, < P,, < yn . Using (27) 
again we obtain 
pn - pn > 4 ( 3P2 + 3Pq -I- q2 P+4 4P - - 2pq + 2q2 = > 0. - 1 4 1 q(2pq + 2q2 - 1) 
and 
Yn--pn=4 2p- 
( 
3P2 + 3pq + q2 
P 2p2 + 1 > - (2p2 : 1)” 
4(P + 4) 
= p(2p2 + 1) - (2p2 : 1)2 > O. 
8. SOME FURTHER INEQUALITIES 
Put 
P + 2q 
I= P(P2+P4+q2) 
P + 2q 
=p-qq? 
2P 4 - s= 2P 4 - 
dP2-Pq-+q2) =2q3-- 
t = (p - q)(;zpq + 3q2) * 
LEMMA 6. We have 
0 < k, < r < s < k,, < t. (30) 
Proof. Since 1 < (p + 2q)/q we have 0 < k, < r, and by (29) and 
sincep - q < 3q - p, we have k,-, ==c t. The inequality 
dP + WP2 - P4 + 43 -POP - 4)(P2 + P4 + cl21 = &I4 - 2P4 < 0 
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implies that r < S. Finally we have 
k,-, - s = 
1 2P - 9 
P” - 3pq + 3q2 -2q3-- 
and this is positive since 
293 - q - (2p - q)(p2 - 3pq + q2) = Q2q - 5pq2 - 2P3 + 3q3 - 4 
= 8q3 - 2pq2 + 2p - 6q > 0. 
9. PROOF OF (22), (23) AND (24) 
We shall first prove that (a,, 8,) and hence (fin , m) is a k,-semigap. 
It will suffice to prove the following five statements: 
(4 (ala , U is a t-semigap, 
(b)ifs<b<tandor,<D(b,c)<&, 
then (b, c) is in S(q, q - p), 
(c) if r < b < s and 01, < D(b, c) < S, , 
then (b, c) is in S(p, q), 
(d) if k, < b < r and pn < D(b, c) < 6,) 
then (b, c) is in S(p + q, -p), 
(e) ifk, <b <randa,<D(b,c) <pPn, 
then (b, c) is in S(p, q). 
We now turn to these five cases. 
(a) By induction hypothesis, (fin-r , r,+r) is a k,-,-semigap, and hence 
so is (an , 8,). Since k,-, -=c t by Lemma 6, the desired conclusion follows. 
(b) If y < 0, then (b, c) is in S(x, JJ) precisely if 
(x2 - 1)/l Y I < bx - CY -=c (x2 + 1111 Y I. 
Hence in the present case we have to verify that 
(q2 - IMP - q) < bq + 4~ - q) < (q2 + MP - 4). 
Applying Lemma 4(i) with b, = s, b, = t, Q! = CX~ , ,I3 = 6,, m = q, 
II = p - q (we have b, = t < 2q/(p - q) = 2m/n), we obtain 
qs + 9 (tin - s”) < bq + c(p - q) < qt + 9 (6, - t”) 
< qt + 9 (S,-, - P). 
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Straightforward but tedious calculations using (27) show that the left hand 
side here equals (q2 - l)/(p - q) = p and the right hand side equals 
cl2 + lMP - 4). 
(c) If y > 0, then (b, c) lies in S(X, JJ) exactly if 
(x2 - 1)/y < --bx + cy < (x” + 1)/u* 
Hence we now have to show that 
(P” - 1)/q < --bp + cq < (P” + 1)/q. (31) 
Applying Lemma 4(ii) with b, = r, b, = s, cy = a,, /3 = 6,) m = -p, 
n = q we obtain 
-ps + i (01, - s2) < -bp + cq < -pr + i (8, - r2). 
It can be seen by (27) that this interval is the same as (31). 
(d) We have to show that 
[(P + 42 - U/P < b(P + 4) + CP < [(P + 412 + 111~. (32) 
By Lemma 4(i) with bl = k, , b, = r, OL = p,, , /3 = 6,) m = p + q, 
n = p (we have ba = r < 2(p + q)/q = 2m/n) we get 
(p+q)k,+$(p,--k,3 <b(p+q)+cp <(p+q)r+~(6,-r3. 
and by (27) these inequalities are the same as in (32). 
(e) Again we have to verify (31). By part (ii) of Lemma 4 with bl = k, , 
b, = r, a = a,, /!I = p,, , m = - p, n = q we obtain 
-PS + $ (% - S2) < -pr + $ (an - r2) 
< --bp + cq -=c -pk, + ; (pn - h2), 
and using (27) we obtain (31). 
Next, to show that (a,, , /3,J is a gap, we only need to verify that if 
0 < b < k, and IX, < D(b, c) < j&, then (b, c) is in S(p, q). Thus we 
have to show again that (31) holds. By Lemma 4(ii) with b, = 0, b, = k, , 
a:=%,B=Pn, m = -p, n = q and on using (27) we obtain 
P2-1- 
4 
-P + $(%I - s”) < -pk, + i (an - k,a2) 
P2 + 1 <-bP+cq<$3n=T. 
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It remains to show that (yn , 8,) is a gap. Since it is a k,-semigap and 
since k, < r, it will be enough to show that if 0 < b < r and 
yn -c Nb, 4 -c 8, > then (6, c) lies in S(p + q, -p). We therefore have 
to deal with the inequalities (32). By Lemma 4(i) with b, = 0, b, = r, 
~=Yn,P=&l, m = p + q, n = p we obtain 
$ yn < 0 + 4) + CP < (P + q)r + 2 (6, - r2). 
Hence on using (27) again we obtain (32). 
10. THE GAPS ARE DISTINCT 
To complete the proof of our theorem we only have to show the 
existence of forms u,(x, y), 0,(x, u) with (6). This will show that no two 
of the constructed gaps are contained in a single large gap. 
We shall need a lemma given in Dickson [3, vol. 2, pp. 408-409]: 
LEMMA 7. Let E be the periodic continuedfraction 
E = [a, ,..., a, , b, ,..., b,] 
and suppose f(q 1) = 0 where f(x, y) = ax2 + bxy + cy2. Then there is 
an integer i with 1 < i < n such that if 
s/t = [al ,..., a, , b, ,..., bi] 
where s, t are coprime integers, then 
m(f) = I as2 + bst + ct2 I. 
Furthermore, bi+, = max(b, ,..., b,) if 1 d i < n and b, = max(b, ,..., b,) 
ifi = n. 
We now put 
g,(x,y) = x2 - yy2. 
LEMMA 8. We have m(gJ = 1 for n = 1, 2,... . 
ProoJ Let c be the quadratic irrational given by 
E = [l, l,...) 1, 21. 
n--l 
(33) 
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Then 
=[1,...,_ 
n 
1 1 + e] = [W e-l] = l -lpn+r + Pn = pn+1+ l pn 
E-%+1 + qn 4n+1+ E4n * 
Since pn = 4n+l , the number E satisfies the quadratic equation 
f(~, 1) = 0 with 
.f(x, v> = q9J2 - Pn+1Y2 = Q&(X, Y>. 
Lemma 7 holds with i = n - 1 and s/t = pn/qn . Thus 
4.0 = I 4ns2 - Pn+1f2 I = I 4nPn2 - Pn+14n2 I 
= I 4vL(P&+1 - 4nPn+1)l = qn 3 
and therefore m( gn) = 1. 
We now define u,(x, v), 0,(x, y) by 
%dx, VI = g2n+1(x, Y)> (n = 1, 2,...), 
&z(x9 v> = g2n+2k VI, (n = 1, 2,...). 
Then m(u,) = m(v,) = 1 and 
p(un) = II = 4E = 4 P2wtl + 42ni1 = 
42n+1 
jj 
n, 
p(uJ = D(u,) = 4% = 4 2P2n+1 + 92n+l = 
P2n+1 
Yn * 
Hence (6) holds. 
REFERENCES 
1. J. W. S. CASSELS, “An Introduction to Diophantine Approximation,” Cambridge 
Tracts in Math. and Math. Physics No. 45, 1957. 
2. C. S. DAVIS, The Minimum of an Indefinite Binary Quadratic Form, Quart. J. Math. 
Oxford (Series 2) 1, 1950, 241-242. 
3. L. E. DICKSON, “History of the Theory of Numbers,” Chelsea Publ. Co., New York, 
1952. 
4. L. E. DICKSON, “Studies in the Theory of Numbers,” Chelsea Pub]. Co., New York, 
1957. 
5. M. HALL, On the Sum and Product of Continued Fractions, Annals of Math. 48, 
1947, 966-993. 
378 HIGHTOWER 
6. 0. PERRON, “iiber die Approximation irrationaler Zahlen durch rationale” I, S.-B. 
Heidelberg Akad. Win. 1921, Essay 4 (17 pages); II, S.-B. Heidelberg Akad. Wiss. 
1921, Essay 8 (12 pages). 
7. K. SHILIATA, On the Order of Approximation of Irrational Numbers by Rational 
Numbers, T8hoku Math. J. 30 (1929), 22-50. 
